Abstract. -The major difficulty in developing theories for anomalous scaling in hydrodynamic turbulence is the lack of a small parameter. In this letter we introduce a shell model of turbulence that exhibits anomalous scaling with a tunable parameter ǫ,0≤ ǫ ≤ 1, representing the ratio between deterministic and random components in the coupling between N identical copies of the turbulent field. Our numerical experiments give strong evidence that in the limit N →∞anomalous scaling sets in proportional to ǫ 4 . This result shows consistency with the nonperturbative closure proposed by the authors in Phys. Fluids, 12 (2000) 803. In this procedure closed equations of motion for the low-order correlation and response functions are obtained, keeping terms proportional to ǫ 0 and ǫ 4 , discarding terms of orders ǫ 6 and higher. Moreover we give strong evidences that the birth of anomalous scaling appears at a finite critical ǫ,b e i n gǫc ≈ 0.6.
The statistics of the small-scale structure of turbulence is characterized by "anomalous scaling" meaning that correlation functions and structure functions of velocity differences across a scale R exhibit a power law behavior with scaling exponents that are not correctly predicted by dimensional analysis. In the last few decades there have been many attempts to compute the scaling exponents of turbulent fields from the equations of motion. In the context of simplified models of passive scalar advection it was discovered that there exist natural small parameters that allow direct computations of anomalous scaling exponents [1] [2] [3] . In NavierStokes turbulence and also in simplified models like shell models [4] the progress in computing scaling exponents was slowed down by the lack of a small parameter. It is thus worthwhile to consider models of turbulent velocity fields in which a tunable small parameter can be introduced and used to advantage.
We propose to introduce a small parameter via the coupling between N copies of a field u n which satisfies the dynamics of the Sabra shell model of turbulence introduced in [5] : du n (t) dt = i[ak n+1 u * n+1 u n+2 + bk n u * n−1 u n+1 − −ck n−1 u n−2 u n−1 ] − νk 2 n u n + f n (t) .
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Shell models are simplified dynamical systems constructed in such a way that the complex number u n represents the amplitude associated with the Fourier transform of the velocity field u(r) with "wave vector" k n . Rather than considering the full k space and all the nonlinear interactions one allows for only one-dimensional k vectors on shells spaced in such a way that k n ≡ k 0 λ n , with λ being the spacing parameter, and local interactions. In eq.
(1) ν is the "viscosity" and f n (t) a random Gaussian force restricted to the lowest shells. The parameters a, b and c are restricted by the requirement a + b + c = 0, which guarantees the conservation of the "energy" E = N n=0 |u n (t)| 2 in the inviscid, unforced limit. We now want to generalize this model to one which consist of N suitably coupled copies of it. In order to do that, we need to consider separately the equations for the real and imaginary parts of u n . This procedure guarantees that the obtained model converges to the original Sabra model in the limit N → 1. The copies are indexed by i, j or ℓ, and these indices take on values −J,...,+J,2 J +1 = N .T h ei-th copy of the velocity field is denoted as u
n,σ . In this notation σ = ±1 refers to the real and imaginary parts of u n , respectively. Let D [ijℓ] be the coupling between copies, which will be chosen later. Equations (1) for a collection of copies are
where
and
Note that A (σ)
σ ′′ σ . To proceed, we note that the index ℓ is defined modulo N , and introduce a Fourier transform in the "copy" space, defining the col lective variables
Note that the index α is also defined modulo N =2J + 1. It is convenient to consider values α within "the first Brillouin zone" , i.e. from −J to J. W ew i l lr e f e rt oi ta st h eα-momentum. Since u
where ∆ α,β is the Kronecker symbol. Observe that we use Greek indices for components in α-Fourier space, and Latin indices for copies in the copy space. As a consequence of the discrete translation symmetry of the copy index [i] eqs. (6) conserve α-momentum modulo N at the nonlinear vertex, as one can see explicitly in the above equation. The coupling amplitudes Φ α,β,γ in these equations are the Fourier transforms of the amplitudes D [ijℓ] . We choose the coupling amplitudes according to
where Ψ α,β,γ are quenched random phases, uniformly and independently distributed with zero average (cf. the "Random Coupling Model" (RCM) for the Navier-Stokes statistics [6] and the identical symmetry conditions there). Consequently for ǫ = 0 the model reduces to the RCM and exhibits normal scaling (K41) for N →∞ . It was in fact understood [6, 7] that in the limit N →∞the direct interaction approximation (DIA) becomes the exact solution of the RCM. Moreover a proper analysis of the DIA approximation leads to normal scaling for those systems in which sweeping effects are removed or absent by construction as in shell models [7, 8] .
On the other hand, for ǫ = 1 the coupling coefficients in the α-Fourier space (7) are indexindependent. This corresponds to uncoupled equations (2) in the copy space, because in this case D
[ijℓ] = δ i,j δ i,ℓ .T h u sf o rǫ = 1 we recover the original Sabra model with anomalous scaling [5] . Our choice of couplings (7) allows an interpolation between the normal K41 scaling for ǫ = 0 (at N →∞ ) and the full anomalous scaling of Sabra model for ǫ = 1. A model of this type was proposed in the context of Navier-Stokes statistics by Kraichnan in [9] and analyzed by Eyink [7] in terms of perturbative expansions.
Our aim in this letter is to present numerical results which show that for small values of ǫ the model exhibits small anomalous corrections to normal scaling and to present theoretical arguments to rationalize the functional dependence of the anomalous corrections on ǫ.W e measured the scaling exponents of the structure functions
The exponents ζ 2p have been calculated by a linear fit in the two-decade inertial range, see fig. 1 . The equations of motion (6) with 28 shells, a =1,b = c = −0.5, were integrated with the slaved Adams-Bashforth algorithm, viscosity ν =4× 10 −9 , a time-step ∆t =1 0 −5 .T h e forcing was subjected on the first two shells, chosen random Gaussian with zero average and with variances such that σ 2 /σ 1 =0.7 (in order to minimize the input of helicity [5] which leads to period-two oscillation in the structure functions). Averages were taken for a time equal to 250 eddy turnover times for the case N = 1. The averaging times were decreased when the number of copies increased, taking into account the faster convergence times in these cases. The quality of the scaling behavior and of the fits is demonstrated in fig. 1 .
To substantiate the birth of anomalous scaling at ǫ>0 we simulated the model for different values of ǫ and of N . We are interested in the values of the scaling exponents for very large values of N (∞ in theory).
In fig. 2 one can see the plot of the value of the anomalous corrections to Kolmogorov scaling, δζ 2 = ζ 2 − 2/3, as a function of 1/N for ǫ =0.8 together with the same curve for ǫ =0 and for ǫ =1f o rN ranging from 5 to 25. While for ǫ = 0 the corrections to Kolmogorov scaling go to zero, for ǫ =0 .8 and for ǫ = 1 the corrections converge to a finite value which increases with ǫ. The random phases in the couplings were chosen with respect to a uniform probability with zero mean at the beginning of each simulation. The rigorous procedure for quenched disorder would call for taking averages over different runs with different choices of the couplings. We did not do that, but rather checked that self-averaging is already valid for N =5,forǫ =0.8 (small random component in the couplings) and within our numerical precision. For ǫ =0 self-averaging occurs only for large numbers of copies.
The most interesting aspects of the numerical findings are the dependence of the anomalies on ǫ and the question whether anomaly appears for any ǫ>0 or only above a critical value ǫ c . Before starting with the analysis of the data we notice that due to the finiteness of our maximum N (number of copies of the system) we do not have exactly zero anomalous corrections when ǫ = 0. So, as a first step, we subtracted from our data the values of the anomalous corrections at ǫ =0.
In order to settle the above issues we fitted the functions δζ n (ǫ) with two possible choices of the fitting function:
1) a polynomial of 4th degree without the zeroth-order term (that is 4 free parameter function) for ǫ ∈ [0, 0.97].
2) a function that is zero up to ǫ c and a(ǫ 4 − ǫ 4 c )f o rǫ>ǫ c (2 free parameter). The second fit, choosing ǫ c =0.6, gives a χ 2 two orders of magnitude smaller than the first one although in principle it should be easier to fit a function with a larger number of parameters (see the results of the fit in fig. 3 ). This result shows that: 1) anomalous corrections start only after a finite ǫ, 2) the anomalous corrections go like ǫ 4 for ǫ>ǫ c . To find the value of ǫ c , we calculated the maximal and minimal slope line, that is the best fit slope plus and minus the standard deviation, for δζ n vs. ǫ 4 in two different ranges: ǫ 4 ∈ [0.13, 0.88] and ǫ 4 ∈ [0.23, 0.88]: that is, we fitted with the 2-parameter function f (ǫ 4 )= a n + b n ǫ 4 . In order to have a better estimate of the "zero" level of δζ n 's, and so a better estimate of ǫ c , instead of subtracting the value of the anomalous correction at ǫ = 0, we subtracted the average value of δζ n calculated by using the first 5 points belonging to the flat region. The value of ǫ c with its error has been found by looking at the intersections of the minimal and maximal slope lines with the zero line: the line of the value of δζ n for ǫ = 0 with its error (see fig. 4 ). Table I To understand the linear dependence on ǫ 4 we turn to the exact equations that are satisfied by the n-th order correlation functions, which are defined as suitable averages over time and over all the replica. The second-and third-order correlation functions are defined as and similarly for higher-order correlation functions and for the response functions (for details see [10] ).
The equations of motion for these objects can be written down explicitly. The equations for n-th order correlation functions F n are coupled to F n+1 , thus creating an infinite hierarchy of equations. In order to close such equations and to attempt to solve them, one needs to express a higher-order correlation function in terms of lower-order statistical objects. In [10] it was shown that this can be done in the present context in a controlled fashion. In other words, it is possible to express, say, F 4 in terms of second-and third-order correlation and response functions. In doing so one of course leaves out information about F 4 that cannot be possibly represented in terms of lower-order objects. Yet, the main result of the analysis of [10] is that the neglected terms in this procedure are of O(ǫ 6 ) (and higher) whereas the retained terms are of O(1) and of O(ǫ 4 ). There are no contributions of orders ǫ, ǫ 2 and ǫ 3 . We stress that the proposed closure is not a perturbative solution of hierarchical equations. Rather, a parameter ǫ, which is at our disposal, is used to justify the neglect of terms smaller than those retained in the dynamical equations. The existence of a finite ǫ c is not in contradiction with this procedure: the equations of motion can exhibit a transition as a function of ǫ from a situation in which there are no anomalous solutions to a situation with anomalous solutions [10] . Since the only ǫ-dependent terms in our closed equations are of O(ǫ 4 ), it is natural to expect anomalies to appear proportional to ǫ 4 . We interpret, therefore, the numerical results shown in fig. 3 and fig. 5 as an excellent confirmation of this theoretical expectation.
To summarize: we introduced a shell model of hydrodynamic turbulence in which a small tunable parameter ǫ exists. We know from theoretical and numerical results that the model exhibits normal scaling for ǫ = 0. The most important results of this letter are the existence of a finite ǫ c at which anomalous scaling appears and the behavior as ǫ 4 of the anomalous corrections for ǫ>ǫ c . * * *
